Spin Hamiltonian Matrices

Spin Hamiltonian Matrices
Axial Systems

S§=1/2
S=1/2 | +1/2 -1/2
+1/2 ngHz/z ngHx/z
-1/2 ngHx/Z 'ngHz/z
eigenvalues:

for H, = 0: +g.H:;

for H. = 0: £g.H..



Spin Hamiltonian Matrices

S=1

diagonal: DS.* + g:BHS. = DMs* + g.BH.Ms
off-diagonal: g.BH=S. = gPH: (1/2)(S: +8.); St = {S(S+ 1) - Ms(Ms £ 1)}2 =22 for = 1.

S=1 |+ 0 -1
+1 | D+ g.BH. gBH /2" 0

0 | gpH/2'2 0 P H./2"?

-110 aBH/2'2 D — g:BH:

Eigenvalues (E123, ascending value):
FOI‘ Hx, z= O: 0, D (2)

For H:=0: 0, D + g:BH:; assuming D > 0 and D > g:BH-,
E;-=0,

E»x=D- ngHz,

E;:=D + gBH..

Thus,
g = (E3: — E2)/(2BH:) and

For H.=0: D, [D £ {D* + (2g:pHx)*}?]/2; assuming D > 0 and D > g.pH.,
En=[D - {D*+ QgBH)*} )2,

Ex.=D,

Es=[D+ {D*+ QgpH.)*} /2.

Thus,
g = [(E3x — Erx)* — D*)"/(2BH).



Spin Hamiltonian Matrices

S=32
S=3/2 | +3/2 +1/2 -1/2 32
+3/2 | (9/4)D + aPH(3"2/2) 0 0
g-BH-(3/2)

+1/2 | gBH(3"?/2) (1/4)D + g.BH.12 | gPHx 0

1210 aPH: (1/4)D — g:BH.2 | gPH(3"%/2)
3210 0 2BH(3"%/2) (9/4)D —

2:BH-(3/2)

Eigenvalues (E1,234, ascending value):
For H, :=0:0(2), 2D (2) {ground state / 0}.

For H,=0: (9/4)D £ (3/2)g-BH-, (1/4)D £ (1/2)g-BH-; assuming D > 0 and D > g-BH-,
Ei-=(1/4)D - (1/2)g:BH-,
E>.=(1/4)D + (1/2)g-BH-,
E3-=(9/4)D — (3/2)g:BH-,
E4+=(9/4)D + (3/2)g-BH-,

thus,

g = (E2»x— Er)/(BH:) and
g:=(E4— E3)/(3BH,) and
D =2(E>+ E;z) and

D = (2/9)(Eys + E3z).

For H, = 0: (1/4)[5D + 2gBH. + 4{D?* K D g.BH + (g:pHx)*}"*]; assuming D > 0 and
D> ngHx,

Erx=(1/4)[5D - 2gpH. — 4{D* + D gBH: + (g:pH)*} ],

Ex = (1/4)[5D + 2gBH; — 4{D* — D gBH; + (&:pH)*} "],

E3:= (1/4)[5D - 2gBHx + 4{D* + D g Hx + (g:BH:)*} ],

Ey=(1/4)[5D + 2g:BHx + 4{D* - D g:BHx + (&:BHx} ],

thus,
& = [(Esx + E2) — (5/2)D)/(BHy) and
g = '[(E3x + E]x) - (5/2)D]/(BHx)



Spin Hamiltonian Matrices

S=2
§=2 +2 +1 0 -1 )
+2 | 4D + aPH: 0 0 0
2g-BH:
+1 | gBH: D+ g.BH. aBH3/2)"2 |0 0
010 gPH(3/2)" |0 aBH(3/2)"2 |0
10 0 gBH(3/2)' | D - gBH. g BH.
210 0 0 aBH: 4D —
2g:BH:

Eigenvalues (E123,4,5, ascending value):

For Hy,:=0:0,D (2),4D (2).

For H.=0: 0, D + g:H:, 4D + 2 g.BH./2; assuming |D| > g-BH- and D > 0,

E;-=0,

E»>=D - gBH-,
Esz.=D + g.BH-,
Ey=4D -2 g.BH.,
Es.=4D +2 g.BH..

thus,

g = (E3:— E2)/(2BH:) and g = (E5: — E4:)/(4BH:) and
D= (E3+ E2)/2 and D = (Es: + E4)/8.
(For D <0, the eigenvalue order is reversed so E£;- — Es., etc., so
g = (E3:— E4)/(2BH:) and g: = (E 1z — E2:)/(4BH:) and
D= (E3:+ E4)/2 and D = (E- + E2:)/8).

For H,=0: (1/2)[5D £ {(3D)* + (2 g:BHx)*} "], plus the three roots of a cubic equation;

assuming |D| > gBH,,

Eix=(1/3)[5D - {(1 +3Y%)A + (1 - 3"2))B%}/(2B)] = 0 (- €) as Hy — 0,

Exc=(1/2)[5D — {(3D)* + (2 gBH:)*}"""] = D (- &) as Hy — 0,

Ezo=(1/3)[5D — {(1 = 3"2)A + (1 + 3"2)B2}/(2B)] = D (+ €) as Hy — 0,
E4e=(12)[5D + {(3D)* + (2 gBH:)*}"*] - 4D (+ ¢) as H: > 0,
Esy=(1/3)[5D + {A + B*}/B] = 4D (+ &) as H: — 0 (Ex . Esy);

(root #4)
(root #1)
(root #5)
(root #2)
(root #3)



Spin Hamiltonian Matrices

where,
A= 13D+ 12(g.BH.)?
B =[35D° — 72D(g:BH,)* + 6 3'2i{9D° — 103D*(g:BH.)* + 4D*(g:BHy)* + 16(z:pH,)°} ">

thus for both D > 0 and D <0,
g = [(Esx - Ex)* = (3DY’]"*/(2BHy).



Spin Hamiltonian Matrices

S=5/2
S=5/2 | +512 +3/2 +1/2 -12 -3/2 -5/2
+5/2 | 25/)D+ | g.BH: 0 0 0 0
gPH(512) | (5"2/2)
+3/2 | gBH.: (9/4)D + aBH(2") |0 0 0
(5'2/2) 2-PH-(3/2)
17210 gPH(2"D) | (U4D+ | gBH((3/2) |0 0
gPH./2
-1210 0 ngHx(3/2) (1/4)D - ngHx(2l/2) 0
gPH-/2
3210 0 0 aBH(2"%) | (9/4)D - aBHx
gPBHA3/2) | (5"%2)
5210 0 0 0 2BH: (25/4)D —
(5'°2) gPHA(5/2)

Parid)

Eigenvalues (E13,45,6, ascending value):

For H.,-=0:0(2),2D (2), 6D (2) {ground state / 0}.

For H, = 0: (25/4)D = g.BH(5/2), (9/4)D + g-BH-(3/2), (1/4)D + g-fH-/2, assuming D > 0 and

D > gZBHz,

Ei.= (/4D - (1/2)g-BH.,
Ex= (/4D + (1/2)g-BH.,
Es:-= (9/4)D — (3/2)g-pH.,
Ev= (9/4)D + (3/2)g-BH.,
Es. = (25/4)D — (5/2)g-BH.,
Es: = (25/4)D + (5/2)g-BH.,

thus,

g:= (EZZ - E]z)/(BHz), g:= (E4z - E3z)/(3 BHx), and

g:= (E6z - E5z)/(5BHx),

and D = 2(E2: + E12), D = (2/9)(E4: + E3:), and
D = (2/25)(Es: + E).




Spin Hamiltonian Matrices

For H.=0:
E1n=(1/12)[35D — 6 g&.pH. — {4(1 + 3"2)A + 4(1 — 3'2)C?}/C] — (1/4)D (- €) as Hx — 0,(root #5)
E>=(1/12)[35D + 6 g:BH. — {4(1 + 3"2)B + 4(1 — 3'2))D?}/D] — (1/4)D (+ €) as Hx — 0,(root #2)
Ezc= (1/12)[35D — 6 g:BH. — {4(1 — 32)A + 4(1 + 3V%)C%}/C] — (9/4)D (+ €) as Hy — 0,(root #6)
Esn=(1/12)[35D + 6 g:pH. — {4(1 — 3V%)B + 4(1 + 3"%))D?}/D] — (9/4)D (+ €) as Hx — 0,(root #3)
Esy=(1/12)[35D — 6 g:BH. + {8A + 8C?}/C] — (25/4)D (+ ¢€) as Hy, — 0, (root #4)
Ee=(1/12)[35D + 6 g:BH. + {8B + 8D?}/D] — (25/4)D (+ &) as Hy = 0, (Esx = Es);  (root #1)
where,
A =22°{1D* + 3D(g:BHx)* + 3(g:BHx)’}
B =2%3{7D? - 3D(g:BHx)* + 3(z:pHx)*}
C = [40D° — 9D*(g:BHx) — 36D(g:BH.)* +
3 32i{144D° + 288D (g:BH,) + 477D*(@:pHx)* + 216D (g H,)* + 112D*(g:pHy)*
+48D(g:BHx)’ + 16(g:pHx)°} )17
D = [40D’ + 9D*(g.BHx) — 36D(gBHy)* +
3 3'2i{144D° — 288D°(g:BH:) + 477D%(gBHx)* — 216D (g« Hx)® + 112D*(gBHx)*
— 48D(g:BHx)’ + 16(g:BHx) 1"
thus,
g = -[2(Eix + E3: + Esy) — (35/2)D)/(3BHx) and
gv = [2(Exx + E4x + Es) — (35/2)D)/(3BHx).



Spin Hamiltonian Matrices

Spin Hamiltonian Matrices
Rhombic Systems

diagonal: B2° 0,° + g.pH=S., where D/3 = B,;

off-diagonal: g\BH=S\ + g,BH=S, = gBHx (1/2)(S+ + S.) + gBH, (-i/2)(S+ - S.);

off-off-diagonal: B»? O,% , where E = B>>.

S=1

S=1 +1 0

-1

11 (1/3)D + g:BH. (1/2")[gBHx — i gypHy]

E

0 | (12" [gBH:+igpHy] | (2/3)D

(1/ 21/2)[ngHx —igBH,]

1| E (12" [gBH: + i gBH,]

(1/3)D — g:BH:

Eigenvalues (E123, ascending value), assuming D, E > 0:

For Hy ,, -=0:

E;=(-2/3)D,

E>=D/3-E,

E;=D/3+E.

Thus,

D= {(E;+E))2—-E;},and E = (E3 — E>)/2.

For Hy, , =0 (H: # 0):

E;.= ('2/3)D,

Ez:=DJ3 — {E* + (&:BH.)’}'?,
Es3.=D/3 + {E* + (gBH.)*} '~
Thus,

g: = {(E3: — Exx)’ — QE)'} */(2BH:).

For H,, . =0 (Hx # 0):

Enn=(1/2)[-D/I3+E - {(D+E)*+ 2 gpH:)*}"*] = (-2/3)D (- €) as E, Hy — 0; (root #2)
Ex=1{D/3-E} > D/3asE—O0; (root #1)
Esx=(1/2)[-DI3+E+ {(D+ E)*+ (2 gBH.)*} "] - D/3 (+¢€) as E, H: — 0. (root #3)

Thus,
g = {(Esx— Erx)* — (D + E)’} /(2B Hy).



Spin Hamiltonian Matrices

For Hy, - =0 (H, # 0):

Eip=/2)[-DI3+E - {(D—-Ey*+ Q2 gpH,)*}"*] - (-2/3)D (- €) as E, H, — 0; (root #2)
E»={D/3-E} > D/3asE— 0; (root #1)
E3y=(112)[-DI3+E+ {(D—-Ey*+ Q2 gBH,)*}"*] > D3 (+¢)as E, H,— 0. (root #3)
Thus,

g = {(Esy— Ely)2 -(D- E)z} 1/2/(2BH,V)-



Spin Hamiltonian Matrices

§=3/2
S=3/2 | +3/2 +1/2 -1/2 -3/2
+3/2 | D+ (3/2) g:BH- (3'%/2) 312E 0
[g:BH: — i gBH)]
+172 | 3"212) D+(12)gPH: | gPH:—igpH, |3"E
[g:BHx + i gBH)]
-1/2 | 3% gt +igPty | -D-(12)gpH: | (B2)
[g:BH: — i gBH)]
3210 312E (3"2/2) D — (3/2) g:BH-
[g:BHx + i gBH)]

Eigenvalues (£123,4, ascending value):
For Hy , -=0:
EI,Z — -{D2 + 3E2} 1/2’
E3,4 — {DZ + 3E2} 1/2'
For H, , =0 (H:#0), assuming D > 0 and D > g:BH-:
Es.=-(1/2)gBH. + {(D — g:pH.)* + 3E*}'? > {D — (3/2)g:pH:} as E — 0; (root #2)
Esx= (12)g:BH: + {(D + g.BH.)* + 3E*}'2 - {D + (3/2)g.BH.} as E — 0; (root #4)

Thus,
g: = (E2: + E3)/(BH:) and g- = (E - + E4.)/(BH:).

For H,,. =0 (Hx # 0), assuming D > 0 and D > g3 H.:

Eix=-(1/2)gBHy — {D? + (g:BHy)* + 3E* + D(g:BH) — 3E(g:PH:)} "> — -D as Hy, E — 0; (root #1)
Ex»= (1/2)gPHy — {D*+ (g:BHx)* + 3E* — D(g:BHy) + 3E(g:pH)} "> — -D as Hy, E — 0; (root #3)
Es=-(112)gBH: + {D* + (g Hy)* + 3E* + D(g:fHy) — 3E(gPH:)} "> — D as Hy, E — 0; (root #2)

Eun= (112)gBHy + {D* + (gPH:)* + 3E* — D(g:BH) + 3E(g:BHx)} "> — D as Hy, E — 0; (root #4)

Thus,
@ =-(Eix + Es)/(PH:) and gr = (Ex + E4)/(BHx).

10



Spin Hamiltonian Matrices

For Hy, - =0 (Hy # 0), assuming D > 0 and D > g, H,:

Eny=-(1/2)g,BH, — {D*+ (g,BH,)* + 3E* + D(g,BH,) + 3E(g,pH,)} "> = -D as H,, E — 0; (root #3)
Ex= (112)g,BHy — {D2 + (gyBHy)2 +3E° - D(g,BH,) — 3E(gyBHy)}1/2 — -D as Hy, E— 0; (root #1)
Es3y=-(112)g,BH, + {D* + (g, H,)* + 3E* + D(g,fH,) + 3E(g,BH,)} "> — D as H,, E — 0; (root #4)

Ey= (112)gBH, + {D* + (g,BH,)* + 3E* — D(g,BH,) — 3E(g,BH,) > = D as H,, E — 0; (root #2)

Thus,
g = -(Eny + E3)/(BHy) and gy = (E2y + E4)/(BHy).

11



Spin Hamiltonian Matrices

S=2
S=2 +2 +1 0 -1 -2

+2 | 2D +2g.BH. | gpHx 6" E 0 0
—igBHy

+1 | gBH; -D + g.BH. (3/2)"2 3E 0

+ lgyBHy [ngHx
— i gBH,]
0|6"E (3/2)?2 2D (3/2)"2 62 E

[ngHx [ngHx
+igpH)] - i gpH)]

-1]0 3E (3/2)2 -D — g.BH. gBH:
[g:BHx -1 gPH,
+igBH)]

210 0 6'*E aBHx 2D — 2g.BH-

+igBH,

Eigenvalues (E1.3,4,5, ascending value):

For H,, ,,. =0, assuming D, £ > 0:
E;=-2(D*+3E%)"?

E,=-D-3F
Es=-D+3E
Es=2D

Es=2(D* +3E%)"?

Thus,

D={Es— (E;+ E2)}/4, and E = (E3 — E>)/6.

For H,, , =0 (H:#0), assuming D > 0 and D > g:BH::
Er-=(1/3)[2D - {(1 +3"2)A + (1 - 3V%)B*}/B] > -2D as H., E — 0,

Ex.=-D—{(3E) + (g:BH:’}'"? > -D (- &) as H:, E — 0,
E;.=-D+ {BE)* + (g:BH.)*}"* > -D (+€) as H,, E — 0,

Esx=(1/3)[2D - {(1 = 3"2)A + (1 + 3"%)B?*}/B] > 2D as H., E — 0,
Es.=(2/3)[D+ {A+B?}/B] > 2D as H., E — 0,

where,

A =[(2DY + (3E)* + 3(g:BH)’],

B =[-8D° — 27DE? + 18D(g.BH.)* + {-A® + [8D’ + 27DE? - 18D(g.pH.)*]*} 21"

Thus,

8- = {(Es: — Ex2)* — (6EY*} "*/(2BH:).

12

(root #4)
(root #2)
(root #3)
(root #1)
(root #5)

(root #4)
(root #1)
(root #2)
(root #5)
(root #3)



Spin Hamiltonian Matrices

For H,,. =0 (Hx #0), assuming D > 0 and D > g3 H.:

En=(/3)[-D+3E - (1/2){(1 + 3"2)A + (1 — 3'"%)B?}/B] = -2D as H,, E — 0,

E>=(12)[D - 3E — {9(D + E)* + 2g:BH)*}"*] - -D (- €) as Hy, E — 0,

Es = (1/3)[-D + 3E — (1/2){(1 - 3"%)A + (1 + 3"%))B?}/B] = -D (+ €) as Hy, E — 0,

Esn=(112)[D - 3E+ {9(D + E)* + 2g:pHy)*}'?] > 2D as Hy, E — 0,

Es.=(1/3)[-D +3E+ {A+B?/B] > 2D as H,, E — 0,

where,

A =13D% — 6DE* + 45E” + 12(g:pHx),

B = [35D° - 99D’E + 81DE? — 297E° — 72D(g:BH)* + 216 E(gBH,)* +
(1/2){4(D* — 3E)* [(35D* + 6DE? + 99E? — 72(g:H,)*]* — 4A3} 1213,

Thus,

g = {(Esx — Ex)* = 9(D + E)’}'?/(2BH).

For H,, .= 0 (H, #0), assuming D > 0 and D > g, H,:

En=(1/3)[-D+3E - (1/2){(1 + 3"2)A + (1 = 3'"%)B?}/B] = -2D as H,, E — 0,

E>=(1/2)[D+3E - {9(D - E)* + 2g,pH,)*}"?] > -D (- &) as H,, E —> 0,

Esy=(1/3)[-D+3E - (1/2){(1 = 3"2)A + (1 + 3"%))B?}/B] — -D (+ €) as H,, E — 0,

Ey=(/2)[D+3E+ {9D - E)*+ (2g,BH,)*}"?] > 2D as H,, E — 0,

Esy=(1/3)[-D+3E+ {A +B?}/B] > 2D as H,, E - 0,

where,

A =13D*+ 6DE* + 45E* + 12(g,BH,)?,

B =[35D° + 99D’E + 81DE? + 297E° — 72D(g,BH,)* — 216E(g,BH,)* +
(1/2){4(D? + 3E)* [(35D* — 6DE? + 99E* — 72(g,BH,)*]> — 4A3} 12113,

Thus,

g = {(Es— Ex)* — 9(D — E)*} /(2BH,).
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(root #4)
(root #1)
(root #5)
(root #2)
(root #3)

(root #4)
(root #1)
(root #5)
(root #2)
(root #3)
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§=5/2
§=5/72 | +5/2 +3/2 +1/2 -1/2 -3/2 -5/2
+5/2 | (103)D+ | goBH: 102 E 0 0 0
ZBH-(5/2) | (5"%2)
+3/2 | goPHx -23)D+ | gwPH:(2"?) | 32'E 0 0
(5'2/2) 2-PH-(3/2)
+1/2 | 10" E goPH.(2"?) | -(8/3)D+ | goBH.(3/2) | 32" E 0
gPH./2
-1/2] 0 327E guPH(312) | -(83)D— | guBH(2"%) | 10" E
gPH-/2
-3/21 0 0 32'°E guBH(2"?) | -23)D - | goBH:
gPBHA3/2) | (5"%2)
5210 0 0 102 E 2oBHx (10/3)D -
(5'°2) gPHA(5/2)

Use gy, H, so only reals; rhombicity in g can be ignored for the present purposes.
Eigenvalues (E12,34,5,6, ascending value):
For H. .= 0:
E;>=2{1D*+21E*+ A*}/A — -(8/3)D as E — 0, (root #1,2)
Ez4={-7(1 = 3'2)D? = 21(1 = 3'2)E* — (1 + 3V%)A%)}/A — -(2/3)D as E — 0, (root #3,4)
Ess={-7(1 +32))D* = 21(1 + 3V%)E? — (1 — 32))A?)}/A — (10/3)D as E — 0, (root #5,6)
where,
A = {10D’ - 90DE? + 3 3"%(9D° + 181D"E* + 43D°E* + 343E°)'*} 17,
For H. =0 (H. # 0):
Eix = very complicated root — -(8/3)D as Hx, E — 0, (root #5)
E>, = very complicated root — -(8/3)D as H,, E — 0, (root #2)
E3: = very complicated root — -(2/3)D as Hy, E — 0, (root #6)
E4 = very complicated root — -(2/3)D as Hy, E — 0, (root #3)
Esx = very complicated root — (10/3)D as Hx, E — 0, (root #4)
Ej, = very complicated root — (10/3)D as H,, E — 0, (root #1)

We find that,
gw=-(23)Erc+ Esc + Es)/(BHy) and guy = (2/3)(Exx + Eac + Eoo)/(BH).

14
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For Hx = 0 (Hz * 0)

E;- = very complicated root — -(8/3)D as H-, E — 0, (root #1)
E>. = very complicated root — -(8/3)D as H., E — 0, (root #2)
Es3. = very complicated root — -(2/3)D as H., E — 0, (root #3)
E4. = very complicated root — -(2/3)D as H-, E — 0, (root #4)
Es. = very complicated root — (10/3)D as H., E — 0, (root #5)
E;- = very complicated root — (10/3)D as H., E — 0, (root #6)

No easy combination for g:.
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